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Introduction 
The asset pricing models (APMs) have become increasingly prominent since the CAPM of (Sharpe, 1964, 
Lintner, 1965; Mossin, 1966) has revolutionized the magical specification of asset evaluation technique 
producing substantially improved results. It is assumed single-factor model and widely used in research with 
significant performance (Gaytán Cortés, 2023). It is augmented by various anomalies such as, size, value, 
momentum, profitability, liquidity and investment anomaly. Since Basu (1977) pioneering work on the Price-
to-earnings (P|E) ratio as an anomaly played a vital part in the introduction of a new discipline in investment 
and portfolio management.  

The capital asset pricing model (CAPM) is a financial model for calculating an asset's expected return based on 
associated risk (Vergara-Fernández, Heilmann, & Szymanowska, 2023). The market risk premium-the additional 
return investors need to invest in a risky asset instead of a risk-free asset-and the expected rate of return on a 
risk-free asset are both taken into consideration by the model. Based on the notion that investors must be 
rewarded in two ways-time value of money and risk-is the CAPM. The time value of money is represented by 
the risk-free rate, and the compensation for risk is the risk premium. The CAPM formula is used to calculate 
the expected return of an asset, given its level of risk. The formula is:  

Ri-Rf = Rf + 𝛽 (Rm - Rf) + 𝜀  (1) 

Where, Rf is Risk-free rate, Beta is the asset's sensitivity to market risk and the Market Return is the expected 
return of the overall market. 

The most commonly used asset pricing model (henceforth APM) for estimating expected stock/portfolio 
returns is Fama and French (1993) three-factor model which is an extension of the Capital Asset Pricing Model 
(CAPM) recommended by Fama and French (1993). The model incorporates three additional factors-market 
size, book-to-market equity, and firm size-in addition to the traditional market risk factor to explain the cross-
section of stock returns. The model suggests that these three factors, in addition to market risk, are priced by 
the market, and can explain the returns of stocks better than CAPM alone (Oyedeko, Mamidu, & Kolawole, 
2023). This model is widely used by practitioners and academics in modern asset pricing and portfolio 
construction. It is assumed as a benchmark model for explaining cross-sectional stock returns.  

Carhart (1997) four factor model (C-4FM) is an asset pricing model that expands on the traditional single-factor 
CAPM by adding three additional factors to capture market risk. The four factors are the market risk premium, 
size risk premium, value risk premium, and momentum risk premium. The market risk premium is the 
traditional risk premium of the CAPM, which measures the risk of investing in the market as a whole. The other 
three factors measure the risk of investing in certain sectors or types of stocks. The size risk premium measures 
the risk of investing in small-cap stocks, the value risk premium measures the risk of investing in value stocks, 
and the momentum risk premium measures the risk of investing in stocks with high momentum. The Carhart 
(1997) four-factor model is used to estimate the expected return of a security based on its exposure to each of 
the four factors. 

Fama and French (2015) five-factor model is an extension of the three-factor model developed by Fama and 
French (1993). It adds two additional factors – profitability and investment – to the original three factors of 
market risk, size risk and value risk. The five-factor model is used to explain the differences in expected returns 
of various stocks. According to the model, stock returns are related to the five factors as the returns of the 
stock is related to the returns of the overall market known as market risk; the return of the stock is related to 
the size of the company. Smaller companies tend to have higher returns than larger companies known as size 
risk. However, the return of the stock is related to its value. Stocks with a lower price-to-book ratio tend to 
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have higher returns than stocks with a higher price-to-book ratio known as value risk; the returns of the stock 
are related to the profitability of the company. Companies with higher profitability tend to have higher returns 
than companies with lower profitability known as profitability risk and the return of the stock is related to the 
amount of investments the company makes known as investment risk. 

Since then, APMs have undergone significant changes and now play an important role in the decision-making 
of investors and portfolio managers. Furthermore, Azam and Naveed (2021) produced statistically significant 
results using data from the Pakistan Stock Exchange (PSX) by augmenting multidimensional liquidity and 
momentum with Fama and French (2015) five-factor model (seven-factor model). Azam (2022) recently used 
Tobin-Q to augment various asset pricing models, and the results revealed statistically significant estimates in 
PSX, but the combination of multidimensional liquidity, momentum and Tobin-q risk factor with Fama and 
French (2015) five-factor model is not yet investigated particularly in emerging equity market therefore the 
model's explanatory power in the frontier equity market requires further investigation by integrating 
multidimensional liquidity, momentum, and Tobin-Q simultaneously with the Fama and French (2015) five-
factor model. The study contributes to innovation by utilising these three anomalies in the existing body of 
knowledge for the first time, distinguishing this study from previous empirical studies on PSX. Furthermore, 
this study will reveal whether these factors substantially improve the explanatory power of the model and 
significant coefficients using the Weighted Least Squares regression technique with a view to evaluate empirical 
robustness in PSX through estimations of various asset pricing models.  

More recently, Azam (2023) used 286 non-financial firms’ data from PSX employing various augmented APMs 
between 2006-2022. The findings observed statistically significant results for multidimensional Liu (2006) 
liquidity as independent as well as mediating variable in the market. Furthermore, based on Gibbons, Ross & 
Shanken (1969), the liquidity augmented FF5FM is revealed as valid model for explaining portfolio returns in 
the market. 

This study objects to make a two-fold contribution. The weighted least squares (WLS) regression approach is 
used to investigate the relationship between liquidity, momentum, and Tobin-q risk factors, as well as 
investment, profitability, value, size, and market-beta factors, and portfolio returns using five to eight-factor 
asset pricing models. Our empirical method of examining the pricing of multidimensional liquidity, momentum 
and Tobin-q risk factors leads to our second significant contribution. We specifically focus on Tobin-q, liquidity 
and momentum adjusted asset pricing models (eight-factor model) to examine whether these risk factors are 
useful for investors and portfolio managers during decision-making process while investing in PSX.  

Table 1: Operational Definition of Risk-Factors 

Risk-factor Description  

Market  
(Rm-Rf) 

The market risk premium is measured by the difference between the expected return on a 
stock and the risk-free return. It is calculated by subtracting the risk-free rate, such as the 
1-year Govt. Treasury bills, from the expected return on the stock (Sharpe, 1964, Lintner, 
1965; Mossin, 1966).  

Size  
(SMB) 

The size risk premium is determined by the market's perception of the risk associated with 
investing in equities. Moreover, the size risk premium is measured by calculating the 
difference between the expected return of a portfolio of small-cap stocks and the expected 
return of a portfolio of large-cap stocks. This risk premium is typically expressed as a 
percentage and denoted as SMB. The higher the risk premium, the greater the expected 
return of the small-cap portfolio relative to the large-cap portfolio (Banz 1981). 

Value  
(HML) 

However, the value risk premium is measured by calculating the difference between the 
expected returns of value stocks (higher B|M ratio) and the expected return of growth 
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stocks (lower B|M ratio). The risk premium is the reward investors receive for taking on 
additional risk in the markets. It is often expressed as a percentage and denoted as HML. 
Moreover, the value premium and the growth premium refer to two different investment 
strategies that attempt to beat the market. The value premium is an investment strategy 
that seeks to identify undervalued stocks, while the growth premium is an investment 
strategy that seeks to identify stocks with the potential for higher-than-average growth 
(Chan, Hamao & Lakonishok 1991; Fama & French, 1993).  

Profitability  
(RMW) 

The profitability risk premium is measured by calculating the difference between the 
expected return of stock having greater operating profitability and the expected return of 
stock having lower operating profitability (Fama & French, 2015). 

Investment  
(CMA) 

The investment risk premium is measured by calculating the difference between the 
expected return of a stock having higher growth in assets and the expected return of a 
stock having lower growth in assets. This difference is known as the investment risk 
premium and can be expressed as a percentage and denoted as CMA (Fama & French, 
2015).  

Momentum  
(WML) 

The momentum factor measures the rate of change in the price of a security over time. It 
is calculated by subtracting the current price of a security from the price of the same 
security over a specified time period. The outcome is then divided by the original price. 
The momentum factor is used to identify a security's market trend and to assist investors 
in identifying potential entry and exit points (Jegadeesh, 1990; Jegadeesh & Titman, 1993; 
Carhart, 1997).  

Liquidity  
(IML) 

The multidimensional liquidity is a concept used to evaluate the liquidity of an asset or 
security. It is also known as multi-factor liquidity. It takes into account multiple factors, 
such as the size of the order, the speed at which it can be executed, the cost of executing 
the order, the availability of buyers and sellers, and the cost of holding the asset or security. 
This concept is used to assess the liquidity of both traditional and alternative assets. A 
higher degree of multidimensional liquidity means that an asset or security can be bought 
or sold more quickly and at a better price, making it easier and more efficient to trade (Liu 
(2006). 

Tobin-q  
(UMO) 

Tobin q measures Tobin's q, also known as the q-ratio, is a measure of the market value 
of a company relative to the replacement cost of its assets. It is calculated by dividing the 
market value of a company's assets, usually the total market value of outstanding shares, 
by the replacement cost of the company's assets. It is named after the Nobel Prize-winning 
economist James Tobin, who introduced it in 1969. The q-ratio is used to measure the 
efficiency of a firm's investment decisions, and to measure the relative value of a company's 
stock. The q-ratio can also be used to compare the relative value of different companies in 
the same industry (Tobin-q, 1969; Azam, 2022c). 

Literature Review 
A plethora of prior literature of APMs consist of various augmented risk-factors such as momentum, liquidity, 
leverage is invested and observed better estimates the expected return of stocks while using time-series ordinary 
least square regression technique (Fama and French, 1993; 2015) and cross-sectional two-steps regressions 
technique (Fama & MacBeth, 1973) around the globe. The literature addresses how momentum and contrarian 
techniques can affect future anomalous returns. In the developed stock markets, research has been done on 
momentum (1–12 month) and contrarian (3-5 year) strategies. However, diversified evidences for the 
momentum factor were observed in developed equity markets. Atilgan et al. (2022) used momentum strategies 
and observed statistically significant and positive momentum effect using merging equity markets. The findings 
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also reveal that the momentum strategy consistently outperforms local market indexes. Hurn and Pavlov (2003) 
conducted a study on the effects of momentum only for big stocks. They found results for the factor in the 
Australian market to be statistically significant. Significant outcomes with regard to the momentum factor were 
also documented by Stork, (2008); Demir et al., (2004). On the other hand, Durand et al. (2011) did not find 
any reliable findings for the momentum factor utilising daily data over the years 1980–2001. However, the valid 
proof of the significance of the momentum factor in comparison to other determinants was provided by (Demir 
et al, 2004). As a result, there are contrasting viewpoints for momentum premium; therefore, the momentum 
and portfolio stock returns nexus needs to be tested in emerging market of Pakistan.  

Moreover, Chiah et al. (2016) examined the 5FM using Australian equity market data and observed 
outperformance as compare to 3FM. In addition, Lohano and Kashif (2018) examined the 5FM using 896 
enlisted firms’ data from PSX. Using time span from Nov-2000 to Dec-2016, the cross-sectional analysis has 
been conducted and observed significant findings of 5FM. However, Chiah et al. (2016) examined the 5FM 
using Australian equity market data and found that it outperformed the 3FM. Furthermore, Lohano and Kashif 
(2018) investigated the 5FM using PSX data from 896 enlisted firms. The cross-sectional analysis was conducted 
from November 2000 to December 2016 and found significant findings of 5FM. On the other hand, Khan et 
al. (2021) examined momentum strategy using 466 enlisted companies’ dataset from PSX. The results reveal 
statistically significant but inverse nexus momentum and portfolio returns for the time span between 2009 and 
2017. Ali et al. (2020) examine the demutualization and liquidity nexus in PSX using Turnover, Amivest ratio 
and Bid-Ask Spread proxies of liquidity. The data of 137 non-financial firms are used using panel data analysis 
for time span from 2005 to 2017. The findings reveal that demutualization substantially impacts the liquidity 
and indirectly mitigate the transaction cost in PSX. 

In addition, Azam (2022c) pioneered and evaluated Tobin-q as a risk premium augmented with CAPM, 3FM, 
C-4FM, and 5FM more recently using the PSX dataset across a 27-year span, from 1994 to 2020. Using monthly 
data from 521 financial and non-financial firms, they conducted a thorough analysis on PSX using the time-
series OLS regression approach. Even when the market and investments show insignificant returns, the 
statistics show statistically significant parameters like size, value, profitability, and Tobin-q risk factor. According 
to the GRS test, Tobin-q enhanced 5FM was the most productive model on the market. More recently, Ahmad 
et al. (2023) used the Tobin-q as an indicator of firm financial performance and evaluated it as a dependent 
variable, whereas this study uses Tobin-q as an independent variable that is categorized as firms with 
undervalued Tobin-q outperform firms with overvalued Tobin-q, and is thus used as an independent variable 
(undervalued minus overvalued). Dirkx and Peter (2020) used momentum as additional factor augmented with 
5FM and observed highly significant findings for German stock market.  

Shi (2023) examined the performance of liquidity augmented FF-5FM (L-5FM) using China's A-share Market. 
Using grouping and regression analysis the findings reveal significant liquidity premium in the market. 
Furthermore, the L-5FM outperforms the 5FM in terms of explanatory power of the model. Kalim, Saeed, & 
Kamil (2023) used manufacturing industry data and observed size has no significant impact on companies’ 
profitability. However, the sales growth has significant nexus with firms’ profitability in PSX. Azam (2022c) 
observed highly statistically significant findings for Tobin-q while Azam and Naveed (2021) discovered 
statistically significant findings for multidimensional liquidity and momentum factors for PSX augmented with 
5FM. Whereas past research indicates that 5FM is augmented by Tobin-q, liquidity, and momentum 
individually, the combination of these three elements with 5FM is still scarce, particularly in emerging equities 
markets such as PSX. Therefore, this study strives to fill the gap and for further robustness uses WLS regression. 
Consequently, based on the above literature discussed above, the study withdraws the following hypotheses to 
be tested using PSX dataset: 
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H1: Tobin-q/Liquidity/Momentum/Market-Beta/Size/Value/Profitability/Investment-risk premium (TLM-MSVPI) has 
significant nexus with portfolio returns. 

Model Specification 
Based on WLS regression, this study employs the following nested and augmented asset pricing models:  

1. Fama & French (2015) five-factor model (5FM) 

𝑅𝑖 − 𝑅𝑓 =  𝑅𝑓 + 𝛽𝑚(𝑅𝑚 − 𝑅𝑓) + 𝛽𝑠(𝑆𝑚𝐵) + 𝛽𝑣(𝐻𝑚𝐿) + 𝛽𝑝(𝑅𝑚𝑊) + 𝛽𝑖(𝐶𝑚𝐴) +  𝜀𝑖          (4) 

Where, Ri - Rf, is excess returns of portfolio, Rm - Rf, is the excess returns of market, SmB is the Small Minus 
Big firms returns called Size factor, HmL is the High minus Low firms returns called Value factor, RMW is the 
Robust Minus Weak firms returns called Profitability factor, CMA is the Conservative Minus Aggressive firms 
returns called Investment factor and βm, βs, βv, βp, and βi are the coefficients of market, size, value, profitability 
and investment factors respectively. 

2. Azam (2021) Liquidity augmented six-factor model (A-6FM) 

𝑅𝑖 − 𝑅𝑓 =  𝑅𝑓 + 𝛽𝑚(𝑅𝑚 − 𝑅𝑓) + 𝛽𝑠(𝑆𝑚𝐵) + 𝛽𝑣(𝐻𝑚𝐿) + 𝛽𝑝(𝑅𝑚𝑊) + 𝛽𝑖(𝐶𝑚𝐴) + 𝛽𝑙(𝐼𝑚𝐿) +

 𝜀𝑖         (5) 

Where, IML is the Illiquidity Minus Liquidity firms’ returns called multidimensional liquidity factor, and βm, βs, 

βv, βp, βi and βl are the coefficients of market, size, value, profitability, investment and liquidity factors 
respectively. 

3. Azam (2022c) Tobin-q augmented six-factor model (A-6FM) 

𝑅𝑖 − 𝑅𝑓 =  𝑅𝑓 + 𝛽𝑚(𝑅𝑚 − 𝑅𝑓) + 𝛽𝑠(𝑆𝑚𝐵) + 𝛽𝑣(𝐻𝑚𝐿) + 𝛽𝑝(𝑅𝑚𝑊) + 𝛽𝑖(𝐶𝑚𝐴) + 𝛽𝑡(𝑈𝑚𝑂) +

 𝜀𝑖         (6) 

Where, IML is the Illiquidity Minus Liquidity firms’ returns called multidimensional liquidity factor and βm, βs, 

βv, βp, βi and βt are the coefficients of market, size, value, profitability, investment and Tobin-q factors 
respectively. 

4. Fama & French (2018) six-factor model (6FM) 

𝑅𝑖 − 𝑅𝑓 =  𝑅𝑓 + 𝛽𝑚(𝑅𝑚 − 𝑅𝑓) + 𝛽𝑠(𝑆𝑚𝐵) + 𝛽𝑣(𝐻𝑚𝐿) + 𝛽𝑝(𝑅𝑚𝑊) + 𝛽𝑖(𝐶𝑚𝐴) + 𝛽𝑤(𝑊𝑚𝐿) +

 𝜀𝑖         (7) 

Where, IML is the Illiquidity Minus Liquidity firms’ returns called multidimensional liquidity factor and βm, βs, 

βv, βp, βi and βw are the coefficients of market, size, value, profitability, investment and momentum factors 
respectively. 

5. Azam (2021) Seven-factor model (Liquidity and Momentum augmented Fama & 

French (2015) model (A-7FM) 

𝑅𝑖 − 𝑅𝑓 =  𝑅𝑓 + 𝛽𝑚(𝑅𝑚 − 𝑅𝑓) + 𝛽𝑠(𝑆𝑚𝐵) + 𝛽𝑣(𝐻𝑚𝐿) + 𝛽𝑝(𝑅𝑚𝑊) + 𝛽𝑖(𝐶𝑚𝐴) + 𝛽𝑙(𝐼𝑚𝐿) +

 𝛽𝑤(𝑊𝑚𝐿) +  𝜀𝑖          (8) 

Where, IML is the Illiquidity Minus Liquidity firms’ returns called multidimensional liquidity factor and βm, βs, 

βv, βp, βi, βl and βw are the coefficients of market, size, value, profitability, investment, liquidity and momentum 
factors respectively. 
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6. Liquidity and Tobin-q augmented Fama & French (2015) seven-factor model 

(LT7FM) 

𝑅𝑖 − 𝑅𝑓 =  𝑅𝑓 + 𝛽𝑚(𝑅𝑚 − 𝑅𝑓) + 𝛽𝑠(𝑆𝑚𝐵) + 𝛽𝑣(𝐻𝑚𝐿) + 𝛽𝑝(𝑅𝑚𝑊) + 𝛽𝑖(𝐶𝑚𝐴) + +𝛽𝑙(𝐼𝑚𝐿) +

𝛽𝑡(𝑈𝑚𝑂) +  𝜀𝑖          (9) 

Where, IML is the Illiquidity Minus Liquidity firms’ returns called multidimensional liquidity factor and βm, βs, 

βv, βp, βi, βl and βt are the coefficients of market, size, value, profitability, investment, liquidity and Tobin-q 
factors respectively. 

7. Momentum and Tobin-q augmented Fama & French (2015) seven-factor model 

(LT7FM) 

𝑅𝑖 − 𝑅𝑓 =  𝑅𝑓 + 𝛽𝑚(𝑅𝑚 − 𝑅𝑓) + 𝛽𝑠(𝑆𝑚𝐵) + 𝛽𝑣(𝐻𝑚𝐿) + 𝛽𝑝(𝑅𝑚𝑊) + 𝛽𝑖(𝐶𝑚𝐴) +  𝛽𝑤(𝑊𝑚𝐿) +

𝛽𝑡(𝑈𝑚𝑂) +  𝜀𝑖          (10) 

Where, IML is the Illiquidity Minus Liquidity firms’ returns called multidimensional liquidity factor and βm, βs, 

βv, βp, βi , βw and βt are the coefficients of market, size, value, profitability, investment, momentum and liquidity 
factors respectively. 

8. Liquidity, Momentum and Tobin-q augmented Fama & French (2015) eight-factor 

model (LMT8FM) 

𝑅𝑖 − 𝑅𝑓 =  𝑅𝑓 + 𝛽𝑚(𝑅𝑚 − 𝑅𝑓) + 𝛽𝑠(𝑆𝑚𝐵) + 𝛽𝑣(𝐻𝑚𝐿) + 𝛽𝑝(𝑅𝑚𝑊) + 𝛽𝑖(𝐶𝑚𝐴) + 𝛽𝑙(𝐼𝑚𝐿) +

 𝛽𝑤(𝑊𝑚𝐿) + 𝛽𝑡(𝑈𝑚𝑂) +  𝜀𝑖         (11) 

Where, IML is the Illiquidity Minus Liquidity firms’ returns called multidimensional liquidity factor and βm, βs, 

βv, βp, βi, βl, βw and βt are the coefficients of market, size, value, profitability, investment liquidity, momentum 
and Tobin-q factors respectively. 

9. The comparison of Model using Explanatory Power 
Following Hua (2022), this study uses the 5FM as the benchmark to compare with. However, other models are 
augmented by Tobin-q, liquidity and momentum factors separately and together to test the performance of the 
models mentioned in Equation (5 to 11). 

10. Model Performance test using GRS (Wald version) Test 
The Wald test is a statistical test used to evaluate a null hypothesis and an alternate hypothesis. The test is based 
on the Wald statistic, which measures the discrepancy between the expected value under the null hypothesis 
and the observed value of a test statistic. The Wald test is used to test the significance of model parameters, 
such as the slope and intercept in a linear regression model. It is also used to check for differences between two 
population means, or to test the difference between observed and expected frequencies in a contingency table. 
However, the Gibbons, Ross, and Shanken (GRS) test determines whether the returns on a portfolio of assets 
are statistically significant. The test assumes that the portfolio's returns can be divided into two parts: the 
expected return of the portfolio based on the expected returns of the individual assets, and the unexpected 
return of the portfolio, which is the difference between the actual return and the expected return. The GRS test 
compares the unexpected return to the expected return to determine its significance. The GRS test indicates 
that the portfolio's returns are not simply due to chance if the difference is statistically significant. Following is 
the GRS specification: 

𝐺𝑅𝑆 =  (
𝑇

𝑁
) (

𝑇

𝑇
 
−𝑁−𝐿

−𝐿−1
)  [

𝛼̂′ ∑̂−1 𝛼̂

1+ 𝜇̅! Ω̂−1𝜇̂
]  ~𝐹(𝑁, 𝑇 − 𝑁 − 𝐿)   (12) 
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where, 𝛼̂ = N x 1 estimated constant term vector, ∑̂ = Stochastic terms unbiased covariance matrix, 𝜇̅ = L x 1 

factor portfolio average matrix, Ω̂ = Factor portfolio unbiased covariance matrix, T = No. of observations, N 
= No. of regression equations and L = No. of factors in the regression. Using the above specification, this 
study investigates the GRS-Wald version F-test based on the following hypothesis: 

H0: 𝛼i = 0 i: 1, 2, 3, …, N. 

where, the GRS-F test denotes that all alpha coefficients are equal to zero (𝛼=0) 

H1:  𝛼i ≠ 0 i: 1, 2, 3, …, N. 

where, the GRS-F test denotes that all alpha coefficients are not equal to zero (𝛼≠0) 

Data and Methodology 
This research spans 354 months, beginning in July 1993 and ending in December 2022. Following Barber and 
Lyon (1997), this study examines the market and the performance of asset pricing models using 522 financial 
and non-financial firms’ data. Using five to eight-factor asset pricing models, the weighted least squares (WLS) 
regression technique is utilised to study the link between liquidity, momentum, Tobin-q risk factors, as well as 
investment, profitability, value and size anomalies and portfolio stock returns. 

1. Weighted Least Square Regression 
In terms of robustness, the Weighted Least Square (WLS) regression is better than Ordinary Least Square (OLS) 
regression in cases when the data points have different variances due to the different sampling or experimental 
conditions. In such cases, the errors are not normally distributed but have a different variance. WLS regression 
is more robust to stock returns type of data and gives better and robust results. Furthermore, WLS regression 
is a regression analysis technique in which different weights are assigned to different data points. It is used in 
data analysis to account for heteroscedasticity, which is the presence of unequal variance among data points. 
The technique gives more weight to data points with lower variance and less weight to those with higher 
variance. This reduces the impact of outliers and the effect of heteroscedasticity in the data which the stock 
returns usually face. WLS regression can also be used to assign different weights to different types of data 
points, such as those from different time periods or geographic regions. WLS regression can also be used to 
assign different weights to different types of data points, such as those from different time periods or from 
different areas. Therefore, this study employs the WLS to produce more robust estimates and produce more 
valid results using multiple asset pricing models in PSX. 

2. Portfolio Construction Risk-factor Measurement 
The study constructs 25 value-weighted portfolios by following Fama and French (1993; 2015) based on 
Market-cap (Big, 4, 3, 2 and Small) and Book-to-Market (B|M) ratio (High, 4, 3, 2 and Low), as follows: 

Table 2: Portfolio Construction Matrix 

S/B|M H_B|M 4 3 2 L_B|M S/B|M H_B|M 4 3 2 L_B|M 

Big BH B4 B3 B2 BL Big SBM1 SBM2 SBM3 SBM4 SBM5 
4 4H 44 43 42 4L 4 SBM6 SBM7 SBM8 SBM9 SBM10 
3 3H 34 33 32 3L 3 SBM11 SBM12 SBM13 SBM14 SBM15 
2 2H 24 23 22 2L 2 SBM16 SBM17 SBM18 SBM19 SBM20 

Small SH S4 S3 S2 SL Small SBM21 SBM22 SBM23 SBM24 SBM25 

Notes: Table 2 shows the portfolio construction matrix which combines size and value pattern. The BH denotes 
the stocks having Big market-cap and High B|M ratio. Similarly, BL denotes the stocks having Big market-cap 
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and Low B|M ratio. In the same way, SH denotes the stocks having Small market-cap and High B|M ratio and 
SL denotes the stocks having Small market-cap and Low B|M ratio. 

Table 3: Risk-factor Measurement 

Risk-factor Measurement 

Market  
(Rm-Rf) 

The market risk premium is measured by the difference between the expected return on 
a market portfolio and the risk-free rate. It is used to calculate the required return on any 
individual equity investment.  

Size  
(SMB) 

The size risk premium is a measure of the risk associated with investing in small-cap 
stocks. It is often used by investors to compare the expected return of small-cap stocks 
relative to the expected return of larger, more established stocks. 

Value  
(HML) 

The value premium is based on the belief that stocks that are undervalued in the market 
will eventually rise to their “true” value, while the growth premium is based on the belief 
that stocks with the potential for higher-than-average growth will eventually outperform 
the market. It is measured by value average portfolios returns minus growth average 
portfolio returns.  

Profitability  
(RMW) 

The operating profitability is measured as (revenue – cost of goods sold – interest expense 
– selling and admin expenses) divided by Book-value.  

Investment  
(CMA) 

Investment is measured with the growth in total assets and is measured as total assets of 
this year divided by total assets of previous year. 

Momentum  
(WML) 

Momentum indicators can also be used to compare the performance of various securities. 
It is measured as average returns of previous 12-months. The positive returns are 
considered the Winner firm/portfolio and the negative returns are considered the Loser 
firm/portfolio. To calculate momentum risk-premium, winner minus loser 
firm/portfolio. 

Liquidity  
(IML) 

Liu (2006) multidimensional Liquidity is used to measure the liquidity risk-premium using 
the equation (2). It focuses on the velocity of trading which was not considered in previous 
studies.  
Liu (2006) pioneer the multidimensional liquidity notion using the following specification: 

𝐿𝐼𝑄 = [X +
1

Z

11.000
]  x 

21x12

Y
 (2) 

Where, X = No. of days without trading in the past 1 year, Y = No. of days with trading 
in the market, Z = Mean turnover in the past 1 year, extracted from the sum of the daily 
turnovers in the past 1 year; with the daily turnover being the ratio of the number of 
outstanding stocks at the end of that day. 

Tobin-q  
(UMO) 

Tobin-q can be measured by dividing the market value of a firm by the replacement cost 
of the firm's assets. The ratio is used to measure the amount of capital allocated to a 
company relative to the amount of capital that would be required to replace the company's 
assets at current prices. If the ratio is greater than one, it indicates that the market values 
the company's assets more than their replacement cost, while a ratio of less than one 
indicates that the market values the company's assets less than their replacement cost. 
Tobin's q ratio is used as an indicator of corporate performance, as it reflects how well a 
company is able to use its assets to generate profits. It can also be used to assess the 
valuation of a company relative to its peers. Companies with higher Tobin's q ratios are 
often seen as being more valuable than those with lower ratios. 
Tobin’s Q = [(book value of assets + market value of equity)–(book value of equity)] / 
(book value of total assets)          (3) 
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Results and Discussion 
In this part, we analyse the results extracted from weighted least squares regression using various asset pricing 
models including multidimensional liquidity, momentum and Tobin-q augmented Fama and French (2015) five-
factor model for PSX. 

Table 4: Descriptive Statistics and Correlation Matrix 

Variable RmRf SMB HML RMW CMA WML IML STQ 

RmRf 1 -0.0766 0.0133 0.0178 -0.0024 -0.0842 -0.1051 0.0199 

SMB -0.0766 1 0.0429 -0.0337 0.0759 0.2443 0.2849 0.3124 

HML 0.0133 0.0429 1 -0.2479 0.2557 -0.2517 -0.2114 -0.0995 

RMW 0.0178 -0.0337 -0.2479 1 0.1198 0.0891 0.0815 -0.0268 

CMA -0.0024 0.0759 0.2557 0.1198 1 0.2658 0.1088 0.025 

WML -0.0842 0.2443 -0.2517 0.0891 0.2658 1 0.4664 -0.1353 

IML -0.1051 0.2849 -0.2114 0.0815 0.1088 0.4664 1 -0.2144 

STQ 0.0199 0.3124 -0.0995 -0.0268 0.025 -0.1353 -0.2144 1 

Variable RmRf SMB HML RMW CMA WML IML STQ 

Mean 0.00892 -0.0023 -0.0018 0.00227 0.00139 0.01125 0.0035 -0.0017 

Std. Dev. 0.08316 0.03218 0.01865 0.01573 0.01496 0.02783 0.03463 0.01815 

Min -0.4502 -0.1536 -0.0944 -0.0582 -0.0443 -0.1404 -0.1376 -0.0774 

Max 0.24458 0.12971 0.12753 0.05481 0.06083 0.19592 0.16508 0.06479 

Obs. 360 360 360 360 360 360 360 360 

Notes: Table 4 presents the correlation matrix between independent factors and descriptive statistics of factors 
which includes average, standard deviation, minimum and maximum values of each factor using in this study. 

Table 4 displays two parts of the study which consists of descriptive statistics and correlation matrix. The study's 
two components, a correlation matrix and descriptive statistics, are shown in Table 4 as two separate sections. 
Market excess returns have negative correlations with size, investment, momentum, and liquidity (-0.0766, -
0.0024, -0.0842, and -0.1051, respectively) when looking at the magnitude of these determinants. Value exhibits 
negative association with profitability, momentum, liquidity, and Tobin-Q, whereas size exhibits negative nexus 
with profitability (-0.0337). Similarly, Tobin-q has inverse correlations (-0.0268, -0.1353 and -0.2144) with 
profitability, momentum, and liquidity. Momentum and liquidity have the largest positive correlation (0.6648), 
which is a modest effect and may not lead to multicollinearity when both factors are used in the same model. 
The descriptive statistics of all independent factors used in this study for analysis, including Tobin-q, liquidity, 
momentum, investment, profitability, value, size anomalies, and market risk factor, are shown in the second 
section of Table 4. The average returns for size, value and Tobin-q are all negative (-0.00229, -0.00177 and -
0.00172) with standard deviations of (0.032182, 0.018648 and 0.018153) respectively. The other factors 
demonstrate positive mean returns for the sample period used in this study. The results show that WLS 
regression produces more valid and robust results than Azam (2021; 2022), who uses OLS regression on a 
nearly identical PSX dataset. 
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Table 5: Fama-French (2015) five-factor model Estimation of Coefficients based on weighted least squares (WLS) regression 
RmRf H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.378*** -0.469*** -0.109*** -0.048 -0.006 Big -7.738 -17.770 -4.534 -1.013 -0.226 

4 0.629*** -0.384*** -0.011 0.077* 0.874*** 4 17.955 -9.019 -0.422 1.737 21.578 

3 0.492*** 0.452*** 0.683*** 0.357*** 0.508*** 3 6.482 5.903 18.409 8.477 4.060 

2 0.191*** 0.004 -0.214*** 1.202*** 0.618*** 2 8.859 0.067 -3.781 14.994 5.473 

Small 0.278*** 0.031 -0.077* 0.253*** -0.155*** Small 5.456 1.563 -1.944 4.582 -5.660 

SMB H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.711* -1.324*** -1.043*** -0.353 -1.496*** Big -1.941 -3.880 -4.263 -0.847 -4.799 

4 -0.534* 0.993*** -0.678*** -2.146*** -0.057 4 -1.940 2.665 -3.654 -3.654 -0.082 

3 2.641*** 0.903*** -0.272** 0.237 0.038 3 7.662 8.004 -2.385 0.696 0.197 

2 -0.919 -0.263 -0.208 -0.454* 0.334 2 -1.519 -1.562 -0.558 -1.835 1.461 

Small 1.193*** 0.451* 0.081 -1.109** 0.453*** Small 4.944 1.893 0.407 -2.181 2.966 

HML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 6.528*** 1.727*** 1.823*** 0.901*** 0.057 Big 8.260 4.488 9.490 3.924 0.388 

4 0.542 0.631 0.543*** -0.620 0.566 4 1.101 0.934 6.506 -0.657 0.963 

3 -1.611 0.865** -0.292** 0.334 -2.612*** 3 -0.971 2.036 -2.275 1.183 -4.195 

2 0.493 2.300*** -1.864*** -1.322*** -1.991*** 2 0.458 8.255 -7.360 -2.944 -6.924 

Small 1.863*** 0.482 -0.283 -1.874*** 0.956*** Small 4.927 1.028 -1.262 -6.157 5.009 

RMW H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 3.313*** -0.195 0.343* 0.562*** -0.355 Big 6.445 -0.862 1.948 2.845 -1.523 

4 -2.107*** -1.025* -0.686*** -1.056 -1.472* 4 -11.367 -1.708 -4.800 -1.543 -1.864 

3 -3.730*** 1.119** 0.547 -1.218*** -0.913 3 -3.172 2.525 1.214 -6.044 -1.363 

2 1.422** 2.697*** 0.789** -5.251*** -1.160*** 2 2.182 22.894 2.429 -8.310 -2.914 

Small 1.109*** -1.484*** 1.203*** -2.907*** 1.008*** Small 5.609 -5.012 3.365 -8.513 2.690 

CMA H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.152*** 0.861*** -0.496*** -0.586** 0.174* Big -4.267 11.275 -4.709 -2.240 1.770 

4 -2.110*** -1.753*** -0.714*** 0.613 0.784 4 -12.193 -4.758 -4.668 0.803 1.649 

3 4.763*** 1.725** -0.224 -0.961** -1.692** 3 8.027 2.191 -0.275 -2.517 -2.472 

2 2.949*** 0.320 1.386*** 0.021 -0.008 2 11.266 1.096 10.191 0.052 -0.020 

Small 0.961*** 0.919*** 1.374*** -1.025** -1.461*** Small 3.831 4.777 7.780 -1.995 -8.370 

Alpha H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.022* -0.014** 0.002 0.002 0.000 Big -1.677 -2.106 0.573 0.211 0.016 

4 -0.025** 0.016 -0.004 -0.008 -0.033** 4 -2.027 1.243 -0.812 -0.370 -2.298 

3 0.021 -0.013 -0.007 0.004 -0.058* 3 0.645 -0.809 -0.561 0.231 -1.929 

2 -0.004 -0.030*** -0.024*** -0.031* -0.031** 2 -0.312 -2.884 -2.994 -1.745 -2.241 

Small -0.045*** -0.024*** -0.021*** -0.042*** -0.014** Small -3.600 -4.485 -3.066 -3.832 -2.046 

R-2. H_B|M 4 3 2 L_B|M             

Big 0.819 0.573 0.371 0.473 0.144             

4 0.890 0.589 0.333 0.944 0.740             

3 0.748 0.635 0.750 0.538 0.696             

2 0.888 0.771 0.873 0.625 0.400             

Small 0.164 0.271 0.479 0.664 0.259             

Notes: *** and * denote statistical significance levels of 1% and 10%, respectively. Table 5 displays the estimated 
coefficients, t-statistics (right side), and R-square for each portfolio obtained from the multivariate WLS 
regression with 25 value-weighted portfolios using 5FM. 

Using WLS, the size-factor estimates statistically significant coefficients for 16/25 portfolios but findings 
provide weak size-effect as small firms’ portfolios are significant for 5/10 while 8/10 for big firms’ portfolios 
for the market. The value-factor also shows better estimates as 15/25 portfolios demonstrates statistically 
significant findings which validate that value-factor is not redundant for PSX while H-B|M and L-B|M ratio 
portfolios show 5/10 and 6/10 significant portfolios respectively. Moreover, the profitability-factor reveal 
20/25 portfolios statistically significant based on t-statistics and for small-firms’ portfolios it shows 10/10 
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significant though H-B|M portfolios also show 9/10 portfolios significant results as well. Similarly, investment-
factor also reveal 19/25 portfolios statistically significant results while it also proves 9/10 portfolios significant 
results for H-B|M ratio portfolios. Furthermore, the R-square ranges from 15% to 94% for portfolio BL and 
42 respectively. The results demonstrate that, when compared to Azam (2021; 2022), who uses OLS regression 
with a nearly identical dataset from PSX, WLS regression yields more reliable and robust results. 

Table 6: Liquidity augmented Fama-French (2015) five-factor model (L5FM) Estimation of Coefficients based on weighted 
least squares (WLS) regression 

RmRf H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.074*** -0.031** 0.206*** 0.098*** 1.017*** Big -2.741 -2.090 6.427 4.054 20.424 

4 -0.140*** -0.194*** -0.131*** 0.091*** 0.062 4 -5.354 -11.507 -6.579 4.890 1.444 

3 -0.189*** -0.615*** -0.202*** -0.388*** -0.313*** 3 -7.268 -12.400 -23.055 -15.493 -11.164 

2 0.155*** -0.520*** -0.028 -0.007 -0.029* 2 6.702 -19.887 -0.456 -0.188 -1.679 

Small 0.002 0.765*** -0.012 -0.025 0.334*** Small 0.056 19.173 -0.256 -1.284 10.788 

SMB H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.290*** -0.339 -0.393 0.794*** 2.123*** Big -3.067 -1.357 -1.379 3.403 3.498 

4 -1.642*** -1.129*** -0.017 -1.693*** 0.171 4 -12.587 -7.836 -0.127 -8.491 0.603 

3 1.145*** -0.123 -0.095** -0.496*** 0.184 3 8.924 -0.485 -2.383 -4.886 1.318 

2 1.112*** 0.120 0.347 0.716** 0.840*** 2 3.060 0.399 0.751 2.185 3.004 

Small 0.343 -2.062** -0.372 1.269*** 0.912*** Small 1.198 -2.237 -1.109 4.152 3.000 

HML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.794*** -0.014 -0.803*** -1.701*** 1.732*** Big -2.609 -0.061 -6.326 -4.690 3.099 

4 -1.453*** 2.495*** 0.064 0.110 -0.196 4 -5.682 8.715 0.399 0.121 -0.360 

3 1.426*** 2.552*** 0.817*** 1.125*** -2.083*** 3 8.417 8.220 3.789 2.618 -6.926 

2 1.006*** 1.107*** -0.251* 1.789*** 1.613*** 2 3.348 6.399 -1.718 3.536 4.198 

Small 1.524*** 5.617*** 0.148 -1.082*** -0.584 Small 7.599 5.990 0.458 -4.519 -1.538 

RMW H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.829*** -2.258*** 0.542** 0.427* -0.952** Big -5.740 -8.214 2.514 1.708 -2.025 

4 -0.851*** -1.262*** -0.314** 0.835** -0.323 4 -4.013 -3.325 -2.369 2.181 -0.619 

3 -0.398 1.770*** -0.978*** 0.702*** -0.089 3 -1.519 3.730 -3.608 3.598 -0.403 

2 0.588** 0.859*** 2.353*** -0.071 -0.931*** 2 1.969 4.411 8.212 -0.157 -5.902 

Small 0.413*** 1.625** 0.338 -1.702*** 1.356** Small 2.778 2.063 0.767 -12.162 2.507 

CMA H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 2.251*** 1.844*** 1.835*** 1.570*** -2.904*** Big 12.360 13.862 9.988 4.218 -5.980 

4 1.542*** -0.009 0.676** 1.500** 1.433*** 4 6.418 -0.023 2.310 2.023 3.023 

3 1.756*** 1.933* 1.056* 2.690*** 0.328** 3 6.428 1.656 1.826 6.116 2.500 

2 0.859*** 0.260 -1.019*** -2.153*** -2.444*** 2 4.596 0.561 -9.082 -4.938 -14.372 

Small -0.304 1.006 -1.562*** 1.121*** 1.982*** Small -0.766 1.443 -4.733 4.085 6.959 

IML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.549** -0.742* -0.953** -1.092*** 0.521 Big -2.464 -1.704 -2.173 -2.960 0.769 

4 -0.483 -0.558 -1.651*** -0.622 -2.284*** 4 -0.893 -1.341 -6.509 -0.877 -4.473 

3 -1.224*** -1.011 -1.056*** -0.361 -1.404*** 3 -2.833 -1.378 -3.957 -0.754 -3.997 

2 -1.555*** -0.526 -0.888** -1.547*** -2.352*** 2 -4.552 -1.297 -2.268 -2.782 -4.916 

Small -1.739*** 2.474*** -1.182*** -1.199*** -0.143 Small -4.827 2.836 -3.096 -3.729 -0.506 

Constant H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.007 -0.023*** -0.032*** -0.017** 0.000 Big 0.984 -3.735 -5.328 -2.552 0.041 

4 -0.017 -0.014* -0.011** -0.007 -0.007 4 -1.534 -1.883 -2.070 -0.656 -0.920 

3 -0.013** 0.004 -0.013* -0.003 -0.003 3 -2.362 0.281 -1.798 -0.282 -0.847 

2 0.002 -0.000 -0.023*** 0.012 -0.004 2 0.524 -0.005 -3.850 1.268 -0.435 

Small -0.013 -0.009 -0.005 -0.023*** -0.034*** Small -1.548 -0.776 -0.636 -5.990 -3.646 

R-squared H_B|M 4 3 2 L_B|M       

Big 0.652 0.851 0.787 0.540 0.765       

4 0.765 0.929 0.654 0.907 0.935       
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3 0.775 0.828 0.839 0.894 0.752       

2 0.696 0.982 0.818 0.543 0.829       

Small 0.498 0.822 0.833 0.610 0.443       

Notes: *** and * denote statistical significance levels of 1% and 10%, respectively. Table 6 displays the estimated 
coefficients, t-statistics (right side), and R-square for each portfolio obtained from the multivariate WLS 
regression with 25 value-weighted portfolios using L5FM. 

Table 6 depicts the multidimensional liquidity augmented 5FM (L5FM) using weighted least squares regression 
approach. In this table, the impact of multidimensional liquidity plus MSVPI on portfolio returns has been 
analyzed. As the results evidenced that the CAPM (market-risk premium) demonstrates highly statistically 
significant nexus with portfolio excess returns except six portfolios (SH, 23, S3, 22, S2 and 4L with coefficient 
= 0.002, -0.028, -0.012, -0.007, -0.025and 0.062 respectively) which stands insignificant based on t-statistics. 
The size-factor exhibits 15 out of 25 portfolio coefficients statistically significant but negative findings based 
on t-statistics criteria though small firms’ portfolios 6 out of 10 show significant findings, displaying moderately 
significant effect of size-factor in the market.  However, the value factor has 19 out of 25 portfolio coefficients 
that are significant, which supports the theory by demonstrating that value outperforms growth portfolios in 
the market. The results also show a negative effect for 9 coefficients. The profitability-factor, on the other hand, 
has statistically significant coefficients for 20 of the 25 portfolios. Similarly, the investment factor produces 
statistically significant results in 21 of 25 portfolios. Finally, liquidity-factor shows 17 out of 25 coefficients 
statistically significant but negative relationship with portfolio returns. In conclusion, only the size-risk premium 
is moderately significant, while all other factors show significant results using the weighted least square 
technique for the PSX. Furthermore, the R-square ranges from 44% to 98%. The results show that WLS 
regression produces more valid and robust results than Azam (2021; 2022), who uses OLS regression on a 
nearly identical PSX dataset. The adjusted R-square ranges from 44% to 98% indicating substantially improved 
explanatory power for the L5FM. 

Table 7: Tobin-q augmented Fama-French (2015) five-factor model (T5FM) Estimation of Coefficients based on weighted least 
squares (WLS) regression 

RmRf H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.344*** -0.262*** -0.044* 0.053** 0.071*** Big 12.928 -14.837 -1.653 2.347 2.780 

4 0.065** -0.098*** -0.058* -0.064 -0.116*** 4 2.004 -3.113 -1.730 -0.996 -4.677 

3 -0.293*** 0.323*** -0.031 0.080*** 0.034 3 -8.352 4.400 -0.769 3.714 0.707 

2 -0.090*** -0.108** -0.267*** 0.150** 0.092** 2 -3.063 -2.385 -5.321 2.418 2.270 

Small 0.053 0.096** -0.087** 0.060 -0.291*** Small 1.351 2.100 -2.051 0.718 -8.447 

SMB H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.150 -1.784*** -1.136*** -0.262 -1.334*** Big -0.269 -7.409 -4.476 -0.815 -4.406 

4 -0.916*** -1.272*** -0.751*** -2.522*** -0.506* 4 -6.110 -5.909 -3.577 -4.029 -1.830 

3 0.284** -0.567*** -1.274*** 0.281 0.410*** 3 2.423 -6.805 -11.347 1.233 5.182 

2 -1.009 -0.036 -0.692** 1.055*** 1.452*** 2 -1.503 -0.224 -2.082 4.119 10.902 

Small -0.316 -0.243 -0.208 -0.741 0.142 Small -1.443 -0.491 -1.124 -0.660 0.931 

HML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 1.638*** 0.135 0.683*** -0.514** 0.504*** Big 3.909 0.547 4.028 -1.989 3.220 

4 -0.563*** 0.720** 1.406*** -2.086** 0.417* 4 -2.657 2.088 7.512 -2.060 1.739 

3 0.290 0.323 2.068*** -0.196 -0.196 3 0.675 0.864 11.444 -0.911 -0.763 

2 -0.606 0.570** -0.986*** 5.406*** -0.173 2 -0.539 2.155 -3.670 11.012 -0.623 

Small 1.415*** 3.732*** -0.520** -4.413*** -0.655*** Small 4.088 4.218 -2.497 -5.442 -3.427 

RMW H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.830** -0.374* -1.238*** -0.493*** 0.096 Big -2.081 -1.739 -6.984 -3.748 0.389 

4 -0.753*** -0.467 0.168 -1.921** -1.132*** 4 -5.887 -1.216 0.758 -2.422 -3.172 

3 -1.656*** -3.626*** 1.973*** -1.623*** -0.572** 3 -3.940 -8.887 5.498 -12.288 -2.230 

2 -0.449 -0.259 0.286 -2.559*** -0.195 2 -0.565 -1.464 1.002 -3.142 -0.892 
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Small 0.114 3.949*** 0.535 0.403 0.369 Small 0.441 6.329 1.537 0.459 0.933 

CMA H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.377 -0.386*** 0.552*** -0.497* 0.093 Big -1.108 -2.834 5.300 -1.765 1.053 

4 -0.735*** 1.588*** -0.622*** 1.077 0.263 4 -4.849 5.358 -2.639 1.311 1.002 

3 1.328*** 1.840*** -0.829 -0.929*** -1.799*** 3 3.594 2.655 -1.485 -3.390 -12.846 

2 -0.799*** 1.202*** 0.247 0.123 1.092*** 2 -3.273 5.440 1.310 0.286 7.875 

Small 0.154 -1.079*** 1.774*** 1.123 -1.988*** Small 0.561 -3.259 13.084 0.982 -12.784 

OMU H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.760** -0.644*** 0.731*** 0.030 0.489*** Big 2.023 -3.533 4.235 0.112 7.524 

4 0.003 -0.656*** -0.470*** -0.256 1.799*** 4 0.020 -3.540 -3.850 -0.989 22.522 

3 -0.552 0.246*** 0.109 1.368*** -0.747** 3 -1.396 3.167 0.744 13.119 -2.505 

2 -0.260 0.440*** 1.223*** -0.375 -1.417*** 2 -0.856 4.403 9.239 -1.342 -2.975 

Small 0.994*** 0.890*** -1.795*** 0.772 -1.064*** Small 5.044 2.908 -14.010 0.671 -6.422 

Constant H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.026*** -0.005 -0.010** 0.002 -0.002 Big -3.637 -1.089 -2.446 0.360 -0.396 

4 -0.019*** 0.010 -0.009 -0.006 -0.012** 4 -3.213 1.459 -1.566 -0.279 -2.070 

3 0.007 -0.051*** -0.003 0.005 -0.019** 3 0.863 -3.530 -0.307 0.429 -2.411 

2 -0.002 -0.013* -0.021*** 0.012 -0.025** 2 -0.141 -1.821 -3.129 0.614 -2.568 

Small -0.048*** -0.028*** -0.010 -0.061*** -0.008 Small -4.789 -2.884 -1.557 -2.908 -1.257 

R-2 H_B|M 4 3 2 L_B|M        

Big 0.769 0.757 0.840 0.171 0.317        

4 0.896 0.370 0.372 0.808 0.790        

3 0.339 0.915 0.874 0.695 0.666        

2 0.563 0.138 0.471 0.988 0.483        

Small 0.535 0.664 0.974 0.618 0.967        

Notes: *** and * denote statistical significance levels of 1% and 10%, respectively. Table 7 displays the estimated 
coefficients, t-statistics (right side), and R-square for each portfolio obtained from the multivariate WLS 
regression with 25 value-weighted portfolios using T5FM.  

Table 7 presents the Tobin-q risk-factor augmented 5FM (T5FM) using value-weighted 25 portfolios 
constructed on the basis of Size-B|M ratio for PSX. The Tobin-q plus MSVPI impact on portfolio returns has 
been analyzed using WLS regression procedure.  The findings reveal statistically significant coefficients of 21, 
15, 18, 14, 16 and 17 out of 25 portfolios for MSVPI and Tobin-q risk-factor respectively based on t-stats 
criteria. In comparison with the liquidity augmented 5FM findings (L5FM), the profitability slightly decreases 
significance for portfolio returns as from 20 it declines into 14 out of 25 significant results. Remarkably, the 
Tobin-q factor exhibits significant impact on portfolio returns for PSX which is consistent with Azam (2022). 
Furthermore, the R-square ranges from 13% to 98%. The results show that WLS regression produces more 
valid and robust results than Azam (2021; 2022), who uses OLS regression on a nearly identical PSX dataset. 
The results show that WLS regression produces more valid and robust results than Azam (2021; 2022), who 
uses OLS regression on a nearly identical dataset from PSX. The R-square ranges from 17% to 98%. 

Table 8: Momentum augmented Fama-French (2015) five-factor model (M5FM) Estimation of Coefficients based on weighted 
least squares (WLS) regression 

RmRf H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.099*** -0.141*** 0.031 0.113*** 0.028* Big 3.314 -4.912 1.402 6.823 1.687 

4 -0.088*** 0.030*** 0.031** 0.244*** -0.151** 4 -5.794 2.846 2.106 8.530 -2.135 

3 0.476*** 0.061 0.102*** 0.200*** 0.014 3 11.128 1.110 13.366 6.644 0.317 

2 0.058** -0.000 0.692*** -0.033* 0.005 2 2.256 -0.011 2.860 -1.763 0.198 

Small 0.008 -0.317*** -0.033 -0.044 0.144*** Small 0.513 -11.521 -1.361 -1.413 5.088 

SMB H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.990*** 0.397 -0.807*** -1.163** -1.618*** Big -3.472 0.697 -3.456 -2.486 -2.649 

4 -1.063*** 0.224 -0.481 -0.557 0.689 4 -4.755 0.726 -1.262 -0.855 0.809 
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3 0.702*** -0.409** -0.124 1.120*** -0.236 3 5.555 -2.530 -1.399 2.723 -1.040 

2 0.783 0.006 3.121** -0.008 0.694*** 2 1.111 0.009 2.027 -0.018 2.666 

Small -0.656** 1.466* 0.845* -2.095** 0.369 Small -2.517 1.956 1.767 -2.524 0.455 

HML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 2.851*** 1.174** 0.818*** -0.231 -0.989*** Big 6.612 2.273 5.902 -0.541 -3.351 

4 1.065*** 2.507*** -1.442*** -0.193 1.256 4 2.650 4.847 -9.662 -0.147 1.550 

3 4.791*** -1.508*** 0.214* 1.494** 1.707** 3 9.162 -2.674 1.730 2.474 2.309 

2 0.040 2.262*** 1.503** -1.592** 1.238*** 2 0.039 2.968 2.075 -2.160 2.951 

Small -0.140 3.807*** 0.252 1.302** -1.337 Small -0.599 3.409 1.442 2.249 -1.279 

RMW H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.242 -1.141** -0.299* 0.557*** -1.943*** Big -0.633 -2.551 -1.652 3.761 -3.911 

4 -0.025 0.559 -1.122*** -0.524 1.592 4 -0.075 0.899 -3.414 -0.536 1.262 

3 2.882*** -3.091*** -1.209*** -0.656*** 2.871*** 3 3.977 -3.898 -2.875 -3.090 5.069 

2 -1.817** 1.286*** 0.825 -1.231 0.577** 2 -2.341 5.221 0.997 -1.286 2.042 

Small -1.007*** -0.254 -1.423 0.137 1.366 Small -6.732 -0.308 -1.204 0.248 0.840 

CMA H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.300 -2.847*** 0.290** 0.685 1.042*** Big -1.520 -11.300 2.008 1.367 3.398 

4 0.689** 1.575*** 0.665* -0.460 1.123 4 2.095 3.212 1.680 -0.425 1.317 

3 -0.246 0.185 1.295** 0.830 0.976*** 3 -0.330 0.154 2.176 1.091 12.627 

2 1.315*** -0.190 1.489*** -0.116 0.971*** 2 5.180 -0.183 2.741 -0.181 6.056 

Small 0.806** 1.934*** -1.615*** -0.400 2.695*** Small 2.204 3.359 -8.345 -0.461 3.014 

WML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.411*** -0.038 -0.018 -0.886** 0.347 Big -3.668 -0.091 -0.095 -2.131 1.147 

4 -0.431 -0.939*** 0.495** -1.038** 0.341 4 -0.934 -2.724 2.090 -2.370 -0.841 

3 -0.727 0.101 0.088 -1.551*** -0.784 3 -0.934 0.313 1.097 -3.268 -1.077 

2 -0.687** 0.853 -3.254*** -1.308* -0.348 2 -2.176 1.450 -6.570 -1.853 -0.603 

Small 0.396 -1.649*** -0.211 1.614** -1.174 Small 1.177 -3.563 -1.190 2.171 -1.100 

Constant H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.021*** -0.019** -0.012*** -0.017*** -0.021*** Big -3.406 -2.133 -3.937 -17.283 -27.760 

4 -0.008*** -0.022*** -0.023*** -0.003*** 0.036*** 4 -3.127 -18.469 -20.649 -2.672 12.684 

3 0.009*** -0.008*** -0.014*** -0.012*** -0.014*** 3 3.167 -6.106 -34.535 -8.580 -9.187 

2 -0.020*** -0.022*** -0.024*** -0.025*** -0.016*** 2 -18.319 -21.528 -6.776 -22.566 -9.448 

Small -0.026*** 0.000 -0.016*** -0.022*** -0.028*** Small -27.704 0.042 -7.605 -12.466 -17.444 

R-2 H_B|M 4 3 2 L_B|M       

Big 0.432 0.740 0.357 0.989 0.328       

4 0.590 0.430 0.663 0.842 0.308       

3 0.858 0.482 0.480 0.587 0.857       

2 0.582 0.684 0.665 0.775 0.436       

Small 0.489 0.627 0.310 0.296 0.914       

Notes: *** and * denote statistical significance levels of 1% and 10%, respectively. Table 8 displays the estimated 
coefficients, t-statistics (right side), and R-square for each portfolio obtained from the multivariate WLS 
regression with 25 value-weighted portfolios using M5FM. 

Table 8 demonstrates the findings of momentum augmented 5FM (M5FM) using WLS regression technique. 
The results reveal that market premium presents significant findings for 17 portfolios while value and 
profitability show 14 portfolios coefficients statistically significant for the market. The investment premium 
also displays slightly improved results as 15 out of 25 portfolio coefficients show significant findings. However, 
the value premium demonstrates significant coefficients for 18 out of 25 portfolios. Conversely, the momentum 
premium shows weaker findings as 11 coefficients demonstrate significant results for PSX. Conclusively, the 
R-square reveals substantially improve results as it ranges from 29 percent to 98 percent. The results 
demonstrate that, when compared to Azam (2021; 2022), who uses OLS regression with a nearly identical 
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dataset from PSX, WLS regression yields more reliable and robust results. The R-square ranges from 30% to 
98%. 

Table 9: Liquidity and Momentum augmented Fama-French (2015) five-factor model (LM5FM) Estimation of Coefficients 
based on weighted least squares (WLS) regression 

RmRf H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.066*** -0.115*** -0.006 -0.081*** -0.009 Big 4.511 -5.675 -0.643 -10.261 -1.010 

4 -0.042 0.034** -0.023 0.068*** -0.079*** 4 -1.414 2.306 -1.476 4.643 -2.977 

3 0.216*** -0.072 0.097*** -0.138*** 0.015* 3 11.001 -1.632 3.197 -6.337 1.758 

2 -0.090*** -0.017 -0.272*** -0.038 -0.041*** 2 -3.775 -1.602 -3.560 -1.467 -3.024 

Small 0.000 0.021 0.048 -0.176*** 0.107*** Small 0.001 1.526 1.236 -8.246 5.656 

SMB H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.697*** -1.142*** -0.889*** -1.590*** -1.410*** Big -2.854 -4.238 -7.644 -8.467 -5.342 

4 -0.143 -0.750*** -0.784*** -1.459*** -0.445*** 4 -1.221 -4.857 -6.080 -14.892 -3.207 

3 -0.641*** -0.668** -0.771*** -1.136*** -0.198 3 -5.627 -2.104 -7.076 -15.490 -1.034 

2 1.463*** -1.012 -0.543 -0.235 0.353 2 2.920 -1.619 -1.113 -0.701 0.689 

Small 1.857*** 1.725*** -1.491** -0.019 0.610 Small 3.101 2.931 -2.378 -0.038 0.964 

HML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.076 -1.578*** -0.521*** -0.171 -0.609*** Big 0.346 -5.816 -5.624 -0.624 -3.145 

4 -0.989*** 0.069 -0.073 -1.168*** -0.439** 4 -3.485 0.202 -0.535 -4.084 -1.994 

3 -1.146*** 1.614*** 1.544*** 1.171*** -0.697** 3 -5.526 4.360 9.166 5.079 -2.241 

2 1.708*** -0.174 0.538*** 0.692 0.704 2 3.358 -0.414 2.934 1.540 1.113 

Small 2.374*** 1.066 0.475** -0.857** -2.644*** Small 8.221 1.643 2.350 -2.252 -3.535 

RMW H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.617*** -1.774*** -0.639*** -2.750*** -0.219 Big -7.174 -6.081 -5.386 -16.843 -0.831 

4 -0.006 -0.661 -0.396** -0.409* -1.787*** 4 -0.024 -1.593 -2.420 -1.891 -6.968 

3 -1.274*** -0.648 0.799* 0.942*** -0.149 3 -4.033 -1.058 1.721 10.607 -0.771 

2 -2.511*** -1.756*** -1.863*** 0.026 -0.166 2 -5.632 -10.157 -7.590 0.056 -0.439 

Small -0.910*** 0.482 1.221 -0.512* -1.736 Small -4.675 0.945 1.273 -1.786 -1.569 

CMA H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.916*** 2.296*** 0.690*** 2.557*** 1.004*** Big -4.715 13.529 5.986 10.720 7.298 

4 0.350 -0.649** 0.351** 0.572*** 0.336* 4 1.183 -2.315 2.294 2.914 1.912 

3 3.102*** 0.807 -1.242** -0.636*** -1.503*** 3 9.458 0.944 -2.093 -2.663 -9.606 

2 0.973*** -1.063** 0.024 -0.206 -0.471*** 2 6.287 -1.982 0.140 -0.726 -2.681 

Small -1.494** 0.179 0.144 0.689* 2.191*** Small -2.564 0.578 0.542 1.896 3.941 

IML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.838*** -0.897* -0.856*** -1.119*** -0.896** Big -4.655 -1.923 -4.583 -3.183 -2.279 

4 -0.822* -0.497 -0.829*** -0.435 -1.689*** 4 -1.774 -1.019 -3.091 -1.167 -4.751 

3 -0.249 -1.316 0.328 -0.482 -0.864 3 -0.531 -1.158 0.557 -1.007 -1.327 

2 -1.189** 1.590 0.469 0.730 -1.047 2 -1.992 1.513 0.805 1.071 -1.268 

Small -1.934*** -1.877*** 1.705 -1.875*** 1.231*** Small -2.767 -2.766 1.328 -3.335 3.096 

WML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.606*** -1.235*** 0.685*** 0.398*** 0.726*** Big 4.614 -7.673 13.357 3.953 5.321 

4 0.032 0.529*** 0.566*** 0.103 0.954*** 4 0.288 2.978 4.304 0.504 5.018 

3 1.142*** 3.021*** 0.526 1.492*** 0.787*** 3 7.909 4.985 1.414 6.349 3.413 

2 -0.006 -0.806** -0.514 -1.046*** 0.484 2 -0.020 -2.013 -1.502 -4.208 1.620 

Small 0.883*** 0.721*** -0.542 1.878*** -3.789*** Small 4.451 2.751 -0.559 35.442 -7.879 

Constant H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.014*** -0.007*** -0.027*** -0.012*** -0.033*** Big -9.076 -5.089 -35.801 -16.476 -57.678 

4 -0.024*** -0.029*** -0.022*** -0.022*** -0.023*** 4 -14.474 -19.168 -17.836 -18.853 -23.062 

3 -0.037*** -0.031*** -0.025*** -0.033*** -0.020*** 3 -21.098 -8.598 -12.941 -46.302 -22.069 

2 -0.014*** -0.029*** -0.026*** -0.025*** -0.019*** 2 -8.275 -16.988 -14.781 -10.821 -14.610 

Small -0.027*** -0.033*** -0.013*** -0.039*** -0.025*** Small -17.545 -17.905 -9.564 -51.119 -19.827 
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R-squared H_B|M 4 3 2 L_B|M       

Big 0.723 0.775 0.957 0.787 0.962       

4 0.354 0.357 0.142 0.77 0.272       

3 0.909 0.892 0.647 0.572 0.643       

2 0.458 0.736 0.930 0.149 0.579       

Small 0.841 0.523 0.540 0.986 0.830       

Notes: *** and * denote statistical significance levels of 1% and 10%, respectively. Table 9 displays the estimated 
coefficients, t-statistics (right side), and R-square for each portfolio obtained from the multivariate WLS 
regression with 25 value-weighted portfolios using LM5FM. 

Table 9 demonstrates the liquidity and momentum augmented 5FM (LM5FM) using WLS regression technique. 
The market risk-factor shows the weakest findings as compare to all models indicating 15 out of 25 portfolio 
exhibit significant effects on portfolio returns. Conversely, the size and value factors show 17 out of 25 
portfolios statistically significant. However, the profitability premium shows 15 portfolios significant 
coefficients while investment and momentum both demonstrates 18 portfolios significant coefficients for the 
market. Conversely, the liquidity premium exhibits the weakest results as 13 out of 25 portfolios shows 
significant coefficients in the model for PSX. Moreover, the R-square ranges from 14 percent to 96 percent 
which also demonstrates weaker lowest range after T5FM findings. The results demonstrate that WLS 
regression generates more reliable results than Azam (2021; 2022) OLS regression with a nearly identical dataset 
from PSX. 

Table 10: Liquidity and Tobin-q augmented Fama-French (2015) five-factor model (LT5FM) Estimation of Coefficients based 
on weighted least squares (WLS) regression 

RmRf H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.053** -0.106*** 0.120*** -0.022** -0.020** Big -2.019 -5.380 16.326 -2.036 -1.982 

4 -0.090*** 0.054*** 0.142*** 0.146*** -0.063 4 -3.582 5.033 4.410 4.173 -1.253 

3 0.014 -0.165*** -0.049*** 0.005 0.066*** 3 0.679 -12.069 -3.026 0.443 3.986 

2 0.015 -0.010 -0.235*** -0.011 -0.015 2 0.765 -1.139 -2.851 -0.556 -1.348 

Small 0.089*** -0.007 0.197*** -0.024 0.040** Small 4.030 -0.444 5.158 -1.233 2.080 

SMB H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.775** -1.126*** -0.795*** -0.204 -1.137*** Big -2.117 -6.600 -6.166 -1.465 -4.552 

4 -0.891*** -0.278** 0.482* -1.249*** -1.994*** 4 -8.376 -2.585 1.767 -8.604 -9.818 

3 -1.291*** -0.138 -0.282*** 0.058 -0.502 3 -10.838 -0.593 -4.027 1.501 -1.311 

2 1.212*** 0.044 -0.660 -0.202 0.148 2 2.891 0.130 -1.153 -0.547 0.355 

Small -1.050* 0.710 -1.133* 1.183** -1.416* Small -1.695 1.518 -1.891 2.323 -1.758 

HML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.136 -0.680*** -0.264** -0.430** -0.023 Big 0.434 -3.146 -2.131 -2.328 -0.094 

4 -1.101*** 0.516** -0.353 -0.269 -2.490*** 4 -3.928 2.248 -1.098 -0.372 -5.057 

3 1.048*** -1.025*** 0.095 -0.084 1.201** 3 4.185 -5.731 0.712 -0.563 2.119 

2 1.070*** 0.191 -0.226 0.891** 0.116 2 2.934 0.991 -0.932 2.254 0.248 

Small 0.088 0.912** -0.435 -1.151*** -0.591 Small 0.220 1.971 -1.064 -3.061 -0.707 

RMW H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.253 -1.915*** 0.034 -0.790*** -0.967*** Big -0.802 -8.531 0.280 -6.978 -2.944 

4 -0.414* -0.066 0.937*** -0.019 -2.589*** 4 -1.913 -0.234 3.081 -0.049 -5.890 

3 1.999*** 0.250 -0.506** 0.807*** -1.595*** 3 6.435 0.926 -2.162 9.063 -4.988 

2 -0.457 -0.992*** 0.363 -0.448 -0.409 2 -1.503 -5.996 1.018 -1.270 -1.212 

Small -3.467*** 1.004*** 2.551*** -1.718*** -2.563* Small -14.310 2.602 3.613 -6.283 -1.703 

CMA H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 1.176*** 2.044*** 1.416*** 0.688*** 1.890*** Big 5.796 14.249 13.521 3.641 7.600 

4 -1.020*** -0.528* 1.130** 1.736*** 1.993*** 4 -4.462 -1.949 2.491 3.577 4.865 

3 -0.100 1.654*** 0.471 -0.428*** -0.076 3 -0.277 3.441 1.234 -3.853 -0.353 

2 2.274*** 0.241 -1.197*** -1.002*** 1.911*** 2 14.336 0.924 -4.637 -4.890 10.297 
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Small 2.522*** 0.102 1.654*** -0.257 0.527 Small 5.784 0.417 6.272 -0.707 1.201 

IML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.160* -0.188 -0.841*** -1.577*** -1.533*** Big -1.664 -0.520 -3.483 -7.172 -2.998 

4 -1.909*** -0.550 -0.184 0.190 0.091 4 -4.379 -1.619 -0.243 0.207 0.128 

3 -0.399 -0.793 -0.948*** -0.535* -0.966 3 -0.731 -1.232 -3.026 -1.767 -0.939 

2 -2.032*** -0.547 0.256 0.277 -1.207 2 -4.329 -0.964 0.409 0.377 -1.608 

Small -0.269 -2.052*** 0.452 -1.674*** 0.468 Small -0.306 -3.970 0.503 -2.917 0.621 

OMU H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 1.588*** 0.348** 0.301*** 1.841*** 2.027*** Big 6.978 2.071 3.754 26.962 4.897 

4 1.894*** 0.638*** -1.743*** -1.197* 1.429*** 4 11.138 2.862 -3.372 -1.664 2.820 

3 0.720*** 0.812 0.356 1.337*** 1.029** 3 2.888 1.602 1.281 5.542 2.009 

2 0.219 0.569 1.344*** -0.187 0.276 2 0.767 1.184 2.719 -0.446 1.419 

Small -3.182*** 3.255*** -0.751 0.906*** -0.923*** Small -6.177 13.630 -1.124 4.014 -4.610 

Constant H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.009*** -0.026*** -0.014*** -0.017*** -0.026*** Big 4.917 -19.183 -18.828 -22.043 -24.813 

4 -0.021*** -0.028*** -0.008*** -0.017*** -0.023*** 4 -17.097 -21.787 -6.689 -12.027 -10.471 

3 -0.042*** -0.027*** -0.015*** -0.023*** -0.009*** 3 -63.083 -28.589 -18.483 -48.916 -5.723 

2 -0.022*** -0.022*** -0.005** -0.016*** -0.024*** 2 -23.684 -40.291 -2.162 -31.683 -22.912 

Small -0.029*** -0.024*** -0.033*** -0.017*** -0.023*** Small -21.591 -24.303 -18.247 -10.645 -17.593 

R-squared H_B|M 4 3 2 L_B|M       

Big 0.302 0.983 0.916 0.944 0.451       

4 0.623 0.390 0.372 0.722 0.528       

3 0.969 0.716 0.430 0.967 0.533       

2 0.692 0.251 0.209 0.915 0.531       

Small 0.968 0.971 0.652 0.312 0.876       

Notes: *** and * denote statistical significance levels of 1% and 10%, respectively. Table 10 displays the 
estimated coefficients, t-statistics (right side), and R-square for each portfolio obtained from the multivariate 
WLS regression with 25 value-weighted portfolios using LT5FM. 

Table 10 shows the WLS regression results using liquidity and Tobin-q augmented 5FM (LT5FM). In this 
model, the liquidity and Tobin-q plus MSVPI impact on portfolio returns has been analyzed based on t-stats 
criteria. The results reveal comparatively weaker in comparison with 5FM as market, size and profitability factor 
demonstrate 16 out of 25 significant coefficients in the market. The value and liquidity factor display 13 and 10 
out of 25 portfolio coefficients statistically significant respectively. Moreover, Tobin-q exhibits statistically 
significant results as 18 out of 25 portfolios. The R-square ranges from 21% to 98% which displays that both 
liquidity and Tobin-q contribute to the model in augmentation with 5FM for PSX. The results demonstrate 
that, when compared to Azam (2021; 2022), who uses OLS regression with a nearly identical dataset from PSX, 
WLS regression yields more reliable and robust results. 

Table 11: Momentum and Tobin-q augmented Fama-French (2015) five-factor model (MT5FM) Estimation of Coefficients 
based on weighted least squares (WLS) regression 

RmRf H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.135*** 0.165*** 0.310*** 0.338*** -0.342*** Big 4.303 8.804 10.954 10.297 -10.007 

4 0.210*** 0.129*** 0.034*** -0.175*** -0.011 4 4.775 6.621 2.657 -6.003 -0.184 

3 0.177*** -0.168 0.046 -0.711*** -0.074* 3 5.961 -1.531 1.483 -11.053 -1.921 

2 0.337*** -0.106*** -0.262 0.262*** 0.056 2 9.661 -3.233 -1.301 5.081 1.324 

Small -0.034 -0.195*** 0.316*** -0.024 0.025 Small -1.110 -6.987 16.322 -1.150 1.284 

SMB H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.551 -1.359*** 0.993* -0.664 -0.593 Big -0.687 -3.086 1.937 -1.249 -0.721 

4 -0.849 -0.349 -0.610* -0.117 0.781 4 -1.394 -1.143 -1.650 -0.181 1.160 

3 0.178* -1.343*** -1.460*** -0.862 -0.171 3 1.913 -3.923 -13.571 -0.860 -0.983 

2 -0.246 1.122** -1.502 -0.674 2.161*** 2 -0.246 2.469 -1.174 -0.878 5.302 
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Small -0.941 -0.836 0.139 -0.305 0.023 Small -1.223 -1.470 0.314 -0.588 0.053 

HML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.543*** 0.755** -0.623** -1.043** 0.495 Big -2.658 1.969 -2.268 -2.314 1.289 

4 -0.171 0.581 -1.064*** -2.020 1.681*** 4 -0.173 1.136 -7.049 -1.465 2.610 

3 0.964*** 3.368*** -1.847*** -3.562** -1.865*** 3 2.662 3.333 -10.686 -2.170 -3.159 

2 -0.580 0.742 -1.879*** -1.423 -0.614 2 -0.386 1.631 -3.091 -1.144 -0.924 

Small 1.950*** 0.832 -0.329* -0.029 -0.909 Small 4.570 0.980 -1.814 -0.075 -1.618 

RMW H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -2.339*** -2.116*** -1.497*** -2.629*** 0.887 Big -3.692 -5.064 -3.722 -10.933 1.421 

4 -0.226 -1.109* -1.564*** 1.005 -0.948 4 -0.277 -1.730 -4.978 1.044 -0.953 

3 -3.044*** -0.042 -0.994 3.319*** -1.595*** 3 -6.111 -0.029 -1.604 8.048 -3.239 

2 -1.458 -0.192 -2.383*** -2.585* 2.851*** 2 -1.217 -1.388 -3.362 -1.703 5.287 

Small 0.405* 0.267 2.067* 0.629 -0.699 Small 1.934 0.395 1.667 1.649 -0.806 

CMA H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -2.468*** 0.689*** -0.357 1.039* -0.121 Big -10.392 3.041 -0.932 1.762 -0.299 

4 -1.480** 3.705*** 0.397 0.484 -0.987 4 -1.974 7.671 1.050 0.418 -1.417 

3 2.867*** -3.361 1.072 8.022*** 0.403** 3 6.188 -1.474 1.174 3.926 2.183 

2 2.866*** 2.057*** 0.257 0.144 1.873*** 2 5.564 3.205 0.432 0.124 6.680 

Small -0.588 -0.544 0.606*** -0.718 1.144** Small -0.587 -1.059 2.783 -1.299 2.412 

WML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -2.810*** 0.748* -0.763* -0.279 1.206* Big -5.005 1.898 -1.766 -1.112 1.959 

4 0.499 -0.189 0.558** 0.101 -1.628*** 4 0.469 -0.652 2.229 0.159 -4.097 

3 1.776*** 2.914*** -0.168 -2.975 0.507 3 4.037 3.279 -0.748 -1.517 1.080 

2 -2.470*** -1.024* 2.018*** 0.315 -2.589*** 2 -7.315 -1.653 3.966 0.227 -3.307 

Small -1.020 -0.462 -1.313*** -0.285 -1.499** Small -0.843 -1.438 -4.048 -0.739 -2.530 

OMU H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.182 -0.761*** -0.396* 0.765 1.092*** Big 0.504 -5.946 -1.795 1.521 2.728 

4 -0.291 -0.452** -0.197* -2.609*** 2.042*** 4 -0.791 -2.517 -1.668 -7.256 7.710 

3 -2.647*** -1.229** -0.651*** -1.044 -2.038*** 3 -10.538 -1.988 -2.773 -0.816 -7.162 

2 0.669* 0.293 -1.289*** -0.305 0.659 2 1.904 0.575 -4.192 -0.692 1.446 

Small 1.480*** 1.710*** 0.368 0.480** -0.028 Small 2.947 8.091 0.815 2.337 -0.203 

Constant H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.006** -0.018*** -0.007*** 0.004* -0.016*** Big 2.404 -15.469 -3.627 1.701 -19.937 

4 0.005 -0.004* -0.023*** -0.028*** 0.019*** 4 0.820 -1.926 -22.097 -13.055 9.446 

3 -0.020*** -0.021*** -0.000 -0.002 -0.013*** 3 -10.051 -6.007 -0.150 -0.455 -6.792 

2 0.024*** -0.029*** -0.011*** -0.058*** 0.009*** 2 9.359 -14.399 -2.618 -23.724 3.030 

Small -0.006*** -0.025*** -0.032*** -0.017*** -0.021*** Small -9.923 -12.685 -26.673 -23.840 -12.482 

R-squared H_B|M 4 3 2 L_B|M       

Big 0.836 0.721 0.799 0.973 0.864       

4 0.390 0.728 0.832 0.667 0.489       

3 0.798 0.901 0.896 0.700 0.946       

2 0.647 0.272 0.767 0.492 0.861       

Small 0.932 0.954 0.800 0.676 0.482       

Notes: *** and * denote statistical significance levels of 1% and 10%, respectively. Table 11 displays the 
estimated coefficients, t-statistics (right side), and R-square for each portfolio obtained from the multivariate 
WLS regression with 25 value-weighted portfolios using MT5FM. 

Table 11 represents the momentum and Tobin-q augmented 5FM (MT5FM) using WLS regression technique. 
Using t-statistics criteria, the market risk-factor reveals significant coefficients for 17 out of 25 portfolios 
showing the existence of CAPM in the market. The size factor demonstrates the weakest and insignificant 
results as only 8 out of 25 portfolios coefficients show significant findings. Conversely, the value, profitability, 
and momentum show similar results as 14 out of 25 portfolios coefficients demonstrate significant findings for 
the market. However, the investment-factor coefficients show 13 out of 25 significant results as well as Tobin-
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q indicates highly statistically significant coefficients after market risk-factor, confirming by the t-statistic values 
which are greater than two also shows consistency with Azam (2022). The results demonstrate that, when 
compared to Azam (2021; 2022), who uses OLS regression with a nearly identical dataset from PSX, WLS 
regression yields more reliable and robust results. The R-squared ranges from 39% to 97% which indicating 
that Tobin-q augmented 5FM explains better results in the market. 

Table 12: Liquidity, Momentum and Tobin-q augmented Fama-French (2015) five-factor model (LMT5FM) estimation of 
coefficients based on weighted least squares (WLS) regression 

RmRf H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.066** -0.027** 0.076*** -0.049*** 0.070*** Big 2.458 -2.233 5.478 -8.606 4.804 

4 0.024 0.011 0.036** 0.106*** -0.060* 4 1.417 0.734 1.997 4.291 -1.872 

3 -0.031 -0.126*** -0.232*** 0.027** 0.049*** 3 -1.319 -3.077 -9.875 2.122 4.209 

2 -0.113*** -0.000 -0.039 0.087*** -0.035*** 2 -2.948 -0.050 -0.384 3.904 -2.906 

Small 0.102*** -0.015 -0.036 -0.051*** -0.100*** Small 5.716 -1.330 -0.864 -2.806 -3.754 

SMB H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.659* -0.516*** -1.171*** -0.312** -0.882*** Big -1.921 -4.050 -7.739 -2.336 -3.575 

4 -0.545*** -0.443*** 0.576*** 0.080 -1.227*** 4 -6.241 -3.601 3.927 0.840 -9.790 

3 -0.835*** 0.110 -0.573*** -0.067 0.395*** 3 -7.286 0.299 -4.211 -1.501 2.746 

2 1.748** 0.952** -0.069 0.989*** 0.348 2 2.202 2.526 -0.097 2.698 0.880 

Small 1.367* 0.575 -0.566 1.063* 0.796 Small 1.730 1.234 -0.899 1.815 1.461 

HML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.208 -0.016 -0.466*** -0.784*** -0.336 Big 0.724 -0.092 -3.773 -4.139 -1.279 

4 0.755*** 0.228 0.429** 1.091** -1.162*** 4 4.362 0.727 2.298 2.263 -4.165 

3 -0.569** 2.444*** 0.572*** -0.036 -0.083 3 -2.533 7.323 3.123 -0.226 -0.351 

2 1.632** 0.217 0.596*** -0.909** 0.809* 2 2.139 1.216 2.867 -2.238 1.693 

Small 0.227 1.167** 2.170*** -0.540 -1.749*** Small 0.809 2.278 6.387 -1.346 -2.717 

RMW H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.761** -0.783*** -0.782*** -1.658*** 1.094*** Big -2.557 -4.220 -6.014 -12.621 4.020 

4 -1.108*** -0.848** 1.003*** -0.231 -1.163*** 4 -7.260 -2.247 4.508 -0.958 -3.961 

3 -0.586** -0.508 0.112 0.563*** 0.708*** 3 -2.344 -1.098 0.357 5.862 5.960 

2 -0.658 -0.435*** 2.245*** -0.919** 0.581** 2 -1.069 -3.165 5.082 -2.535 2.051 

Small 1.213*** -0.384 -0.984 -2.297*** -1.910** Small 4.542 -0.948 -1.039 -8.259 -2.166 

CMA H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.811*** 1.902*** 1.451*** 1.159*** 1.224*** Big 4.446 14.159 10.009 6.295 3.460 

4 -0.283** 1.226*** -0.520** -0.878*** 0.629*** 4 -2.159 3.853 -2.583 -3.075 3.138 

3 0.680** 2.620*** 1.071** -0.479*** -0.071 3 2.057 3.483 2.317 -4.573 -0.430 

2 0.993*** 0.588* 0.269 -0.195 -0.517*** 2 6.061 1.953 0.977 -0.814 -3.230 

Small 2.554*** 0.615** -2.583*** -0.017 -0.642 Small 3.946 2.293 -9.717 -0.040 -1.394 

IML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -0.936 -0.602** -0.629** -1.286*** -1.528*** Big -1.440 -2.270 -2.303 -5.710 -3.083 

4 -0.959*** -1.475*** -1.421*** -0.976 0.229 4 -3.481 -2.890 -3.263 -1.460 0.528 

3 -1.159** -1.257 -1.339*** -0.468 -0.738* 3 -2.585 -1.173 -2.629 -1.579 -1.691 

2 -0.670 -1.670*** 0.965 -0.630 -0.457 2 -0.669 -2.731 1.108 -0.901 -0.711 

Small -0.741 -1.202** -0.942 -1.560** -0.759** Small -0.777 -2.205 -0.761 -2.419 -2.097 

WML H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big -1.572*** -0.001 0.744*** -0.219** 0.301 Big -11.716 -0.006 6.727 -1.997 1.444 

4 0.131 1.048*** -0.945*** -0.957*** -1.015*** 4 1.220 8.892 -5.766 -4.988 -6.015 

3 0.692*** 2.590*** 1.341*** 0.092 -0.198 3 4.240 8.918 7.529 1.014 -1.646 

2 -1.635*** -0.490*** -1.030*** 0.474** 0.591** 2 -5.212 -4.499 -3.661 2.467 2.446 

Small 0.010 -0.622*** -1.235 0.534*** -2.033*** Small 0.020 -3.086 -1.511 3.900 -4.275 

OMU H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 2.034*** -0.181 -0.247** 1.071*** 0.832* Big 10.052 -1.057 -1.982 8.176 1.895 

4 -0.232* 0.139 1.129*** 2.409*** 0.553** 4 -1.890 0.578 4.208 5.397 2.028 
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3 1.401*** 1.611** -0.271 1.101*** 0.791*** 3 5.334 2.262 -0.739 4.776 5.136 

2 0.319 1.976*** -0.778* 0.457 -0.207* 2 0.797 3.450 -1.664 1.000 -1.946 

Small -0.524 0.815*** 3.158*** 0.858*** 2.144*** Small -0.640 2.606 7.910 3.813 7.642 

Constant H_B|M 4 3 2 L_B|M t-stat H_B|M 4 3 2 L_B|M 

Big 0.009*** -0.013*** -0.021*** -0.019*** -0.025*** Big 6.531 -6.120 -23.065 -29.337 -15.698 

4 -0.007*** -0.036*** -0.010*** -0.029*** -0.021*** 4 -5.627 -22.898 -5.883 -17.411 -15.098 

3 -0.045*** -0.036*** -0.024*** -0.022*** -0.021*** 3 -24.050 -15.008 -21.470 -32.330 -17.934 

2 -0.023*** -0.020*** -0.012*** -0.032*** -0.025*** 2 -32.890 -26.685 -6.106 -19.835 -22.214 

Small -0.026*** -0.028*** -0.017*** -0.029*** -0.013*** Small -23.396 -31.570 -10.349 -14.522 -7.683 

R-2 H_B|M 4 3 2 L_B|M       

Big 0.710 0.519 0.920 0.783 0.807       

4 0.819 0.709 0.470 0.665 0.533       

3 0.711 0.972 0.389 0.983 0.890       

2 0.823 0.753 0.919 0.709 0.550       

Small 0.751 0.582 0.973 0.688 0.305       

Notes: *** and * denote statistical significance levels of 1% and 10%, respectively. Table 12 displays the 
estimated coefficients, t-statistics (right side), and R-square for each portfolio obtained from the multivariate 
WLS regression with 25 value-weighted portfolios using LMT5FM. 

Table 12 demonstrates the LMT5FM using 25 portfolio returns on PSX. The market-risk factor shows 18 out 
of 25 portfolios statistically significant coefficients. Similarly, size, value, profitability and investment factors 
demonstrate 17, 16, 19 and 20 out of 25 portfolios statistically significant results respectively. However, liquidity 
factor shows moderately significant findings as 14 out of 25 portfolios coefficients are significant. Although, 
momentum and Tobin-q coefficients exhibit 18 and 19 out of 25 portfolios significant in explaining the 
portfolio returns for PSX. Furthermore, considering the R-square range, the LMT5FM is the second best model 
as L5FM shows the substantial improved in the market. The results demonstrate that, when compared to Azam 
(2021; 2022), who uses OLS regression with a nearly identical dataset from PSX, WLS regression yields more 
reliable and robust results.  

Robustness Tests 

1. Model Performance Test and Multicollinearity Test 
Table 13:  Gibbons, Ross & Shanken test (Wald Version) and Multicollinearity Test 

Model Wald Version P-value F-Value Prob>F Variable VIF 1/VIF 

5FM 92.721796 1.024e-09 28.06 0.0000 WML 2.76 0.362095 

L5FM 100.54798 5.072e-11 62.72 0.0000 OMU 2.15 0.464777 

T5FM 84.139269 2.527e-08 38.09 0.0000 IML 2.04 0.489967 

M5FM 70.185812 3.611e-06 30.32 0.0000 HML 1.34 0.746236 

LM5FM 124.61111 3.378e-15 66.52 0.0000 CMA 1.28 0.780131 

LT5FM 105.83857 6.404e-12 51.13 0.0000 SMB 1.2 0.830618 

MT5FM 66.620528 .00001207 31.84 0.0000 RMW 1.13 0.882317 

LMT5FM 118.94854 3.392e-14 53.35 0.0000 RmRf 1.02 0.98427 

     Mean VIF 1.62  

Table 13 displays the findings of GRS (Wald Version) test and VIF test to further test the robustness checks. 
The left hand side shows GRS test results while the right three columns show the multicollinearity test results.  

The GRS (Wald version) test findings and multicollinearity test findings are presented in table 13. The findings 
reveal that based on F-statistics all the models qualify the test but the most suitable model is LM5FM while the 
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second suitable model for the market is LMT5FM. The right hand side shows the vif test for multicollinearity 
which indicates that no one value is greater than 5. Thus, the findings conclude that liquidity and momentum 
augmented 5FM explains the portfolio returns more efficiently for the PSX. 

2. Robustness of our Findings 
The final decision can be drawn based on the below table which displays the overall models and particularly 
every factor (premium) used in the study along with R-square ranges as follows: 

Table 14: Conclusive findings of the study 

Model RmRf SMB HML RMW CMA IML WML OMU 
R-Sq. 

(Range) 

5FM 20 16 15 20 19 - - - 15-94 

L5FM 19 15 19 20 21 17 - - 44-98 

T5FM 21 15 18 14 16 - - 17 13-98 

M5FM 17 14 18 14 15 - 11 - 29-98 

LM5FM 15 17 17 15 18 13 18 - 14-96 

LT5FM 16 16 13 16 18 10 - 18 21-98 

MT5FM 17 8 14 14 13 - 14 16 27-95 

LMT5FM 18 17 16 19 20 14 18 19 30-98 

Average 17.88 14.75 16.25 16.5 17.5 13.5 15.25 17.5  

Notes: Table 14 presents the significant coefficients out of 25 portfolios for all factors used in the study.  The 
right side shows R-squared percentage range from lowest to highest for all models. The last row shows the 
average significant factor coefficients for all factors used in the study.   

Table 14 shows the results of eight different models for predicting stock market returns to check the robustness 
of the study core findings. The models are labeled 5FM, L5FM, T5FM, M5FM, LM5FM, LT5FM, MT5FM and 
LMT5FM the abbreviations in the columns refer to the different factors used in each model. RmRf indicates 
the excess market returns, SMB is the small minus big factor, HML is the high minus low factor, RMW is the 
robust minus weak factor, CMA is the conservative minus aggressive factor, IML is the illiquidity minus liquidity 
factor, WML is the winner minus loser factor, and OMU is the overvalued minus undervalued factor. The R-
Sq. (Range) column shows the range of the model's R-squared value, which indicates how well the model fits 
the data. The average row shows the average of the values in the preceding rows. 

Conclusions  

This study extends the empirical literature on augmenting Tobin-q, multidimensional liquidity and momentum 
Fama-French five-factor model using Pakistan Stock Exchange. Using the time-spans of 354 months, between 
July 1993 and December 2022, this study examines the market and the performance of asset pricing models 
using 522 financial and non-financial firms’ data. Using five to eight-factor asset pricing models, the weighted 
least squares (WLS) regression technique is utilised to study the link between liquidity, momentum, Tobin-q 
risk factors, as well as investment, profitability, value and size anomalies and portfolio stock returns. 

The results reveal that on average market premium demonstrates statistically significant coefficients for the 
market using WLS regression procedure. Though the size premium reveals significant findings as well. 
Moreover, the value and profitability premiums show significant coefficients almost similarly. The investment 
and Tobin-q show similar significant coefficients on average using multiple asset pricing models for the market. 
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Conversely, the liquidity premium shows weaker findings as compare to all other factors for the market which 
show inconsistent with Azam and Naveed (2021).    

The results also indicate that the size premium is significant for the two factors of size and Tobin-q. The value 
premium reveals significant coefficients for the two factors of size and profitability. Moreover, the profitability 
premium shows significant coefficients for the two factors of size and investment. The investment premium 
reveals significant coefficients for the two factors of size and liquidity. Lastly, the liquidity premium reveals 
significant coefficients for the two factors of size and value. Overall, the results demonstrate that the size, value, 
profitability and investment premiums are significant and demonstrate strong results for the market. The 
liquidity premium is the only factor that shows weaker results on average for the market. Furthermore, the 
findings of this research will contribute to the literature by providing evidence of the importance of the various 
factors on asset pricing in the Pakistan stock market. The findings of this study will also be useful to investors 
and policymakers in making investment decisions and developing policies. Furthermore, the findings of this 
study can be used to inform future research on asset pricing and the Pakistan stock market. Investors should 
pay close attention to the five-factor premia, particularly the Tobin-q premium, which produces significant 
results in the PSX. 

The future potential research can be focused on constructing portfolios based on firms’ sales growth as revealed 
by Kalim, Saeed, and Kamil (2023). Though, the conditional version of FF5FM is another alternative option 
for future study using PSX dataset. There are various potential risk-factors such as downside risk, leverage, 
price-to-earnings ratio, human-capital, etc. which can also be investigated into frontier equity market to analyze 
their robustness in the market. 
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